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Answer Question No.1 (Part-I) which is compulsory, any five from rest (Part-II)  
The figures in the right-hand margin indicate marks. 

 
Part-I 

Q1  Answer the following questions: (2 x 10) 
 a) Find the number of positive integers ൑ 3000 and divisible by 3, 5, or 7.  
 b) Prove that there are infinitely many primes.  
 c) Show that 11 ൈ 14௡  ൅ 1 is a composite number.  
 d) On what day of the week will January 14, 2020, occur?  
 e) Show that the Euler phi-function 𝜙ሺ𝑛ሻ is an even integer for 𝑛 ൒ 2.  
 f) Find the index of 5 relative to each of the primitive roots of 13.  
 g) Show that the Fermat number 𝐹ହ is divisible by 641.  
 h) Verify that the Mersenne number 𝑀ଵଵ is a composite number.  
 i) Obtain all primitive Pythagorean triples 𝑥, 𝑦, 𝑧 in which 𝑥 ൌ 40.  
 j) Write 15795 as the sum of four squares. .. 
    
  Part-II  
  Long Answer Type Questions (Answer Any five)  
    

Q2 a) Prove that every integer 𝑛 ൐ 1 either is a prime or can be expressed as a product 
of primes in only one way apart from the order of the factors. Also, prove that the 
factorization into primes is unique except for the order of the factors. 

(5+5) 

    

 b) Using Chinese remainder theorem, solve the system of congruence:      
𝑥 ≡ 5 𝑚𝑜𝑑ሺ6ሻ 

𝑥 ≡ 4 𝑚𝑜𝑑ሺ11ሻ 
𝑥 ≡ 3 𝑚𝑜𝑑ሺ17ሻ. 

 

    
Q3 a) Prove that the linear Diophantine equation 𝑎𝑥 ൅ 𝑏𝑦 ൌ 𝑐 is solvable if and only if 

𝑑|𝑐, where 𝑑 ൌ 𝑔𝑐𝑑ሺ𝑎, 𝑏ሻ. Also prove if ሺ𝑥଴, 𝑦଴ሻ is any particular solution of this 
equation, then all its solutions are given by 𝑥 ൌ 𝑥଴ ൅ ሺ𝑏/𝑑ሻ𝑡 and 𝑦 ൌ 𝑦଴ െ ሺ𝑎/𝑑ሻ𝑡. 

(5+5) 

    

 b) Find the solutions of the system of congruences: 
7𝑥 ൅ 3𝑦 ≡ 10 𝑚𝑜𝑑ሺ16ሻ 

                                    2𝑥 ൅ 5𝑦 ≡ 9 𝑚𝑜𝑑 ሺ16ሻ. 
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Q4 a) Prove that if 𝑛 ൒ 1 and 𝑔𝑐𝑑ሺ𝑎, 𝑛ሻ ൌ 1, then 𝑎థሺ௡ሻ ≡ 1 𝑚𝑜𝑑 ሺ𝑛ሻ. (5+5) 
    

 b) Show that if the integer 𝑎 has order 𝑘 modulo 𝑛 and ℎ ൐ 0, then 𝑎௛ has order 
௞

୥ୡୢ ሺ௛,௞ሻ
 modulo 𝑛. 

 

    
Q5 a) State and prove Wilson’s theorem. (5+5) 

    

 b) Show that if 𝑔𝑐𝑑ሺ𝑚, 𝑛ሻ ൌ 1, where 𝑚 ൐ 2 and 𝑛 ൐ 2, then the integer 𝑚𝑛 has no 
primitive roots. 

 

    
Q6 a) (i) Find the remainder when 24ଵଽସ଻ is divided by 17. 

(ii) Show that 561 is a Carmichael number. 
(5+5) 

    

 b) Solve the quadratic congruence 3𝑥ଶ െ 4𝑥 ൅ 7 ≡ 0 𝑚𝑜𝑑ሺ13ሻ.  
    
Q7 a) Prove that if 𝑝 is an odd prime and 𝑔𝑐𝑑ሺ𝑎, 𝑝ሻ ൌ 1, then the congruence 

𝑥ଶ ≡ 𝑎 𝑚𝑜𝑑ሺ𝑝௡ሻ for 𝑛 ൒ 1 has a solution if and only if ቀ
௔

௣
ቁ ൌ 1. 

(5+5) 

    

 b) Prove that the value of any infinite continued fraction is an irrational number.  
    
Q8 a) Let 𝑝 be an odd prime and 𝑎 be an integer such that 𝑝 ∤ 𝑎. Let 𝑛 denote the 

number of least positive residues of the integers 𝑎, 2𝑎, 3𝑎, ⋯ , ሾሺ𝑝 െ 1ሻ/2ሿ𝑎 that 
exceed  𝑝/2. Then prove that ሺ𝑎/𝑝ሻ ൌ ሺെ1ሻ௡.  

(5+5) 

    

 b) Prove that every rational number can be represented by a finite simple continued 

fraction. Express 
ଶଶହ

ଵହ଻
 as a finite simple continued fraction. 
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